EXAMPLES OF NON d w -EXACT LOCALLY 
CONFORMAL SYMPLECTIC FORMS 
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Abstract. 

We exhibit two three-parameter families of locally conformal symplectic forms on 
the solvmanifold M„ j, considered in [1], and show, using the Hodge-de Rham theory 
for the Lichnerowicz cohomology that that they are not exact, i.e. their Lich- 
nerowicz classes are non-trivial (Theorem 1). This has several important geometric 
consequences ( corollary 2, 3). This also implies that the group of automorphisms 
of the corresponding locally conformal symplectic structures behaves much like the 
group of symplectic diffeomorphisms of compact symplectic manifolds. We initiate 
the classification of the local conformal symplectic forms in each 3-parameter family 
(Theorem 2, corollary 1). We also show that the first ( and ) third Lichnerowicz 
cohomology classes are non-zero (Theorem 3). We observe finally that the manifolds 
M n k carry several interesting foliations and Poisson structures. 



1. Introduction 

Using a closed 1-form u on a smooth manifold M, we deform the de Rham 
differential d on differential forms A* (M) into the operator d u : 

d u 6 = d6 + u A 6 (f) 

ft is easy to see that (d w ) 2 = 0. Hence, we can define H*(M) as the quotient of 
Kerd^ by the image of d u , and call it the Lichnerowicz cohomology of M relative 
to the 1-form cu [7]. One proves that H*(M) is isomorphic to the cohomology 
H* (M, J- J) of M with values in the sheaf of local functions / on M such that 
duf = 0. In [5], H*{M) was also characterised as the cohomology of conformally 
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invariant forms on the minimum regular cover of M over which ui pulls back to an 
exact form. 

If the 1-form ui is exact, then the Lichnerowicz cohomology is isomorphic to the 
de Rham cohomology H*(M, R) of M. But if u is not exact, these two cohomologies 
are very different. For instance if M is a compact oriented n dimensional manifold, 
then H°(M) « H%(M) = for any non-exact 1-form lu [7], [8], [5]. 

There are few instances in which these cohomology groups are explicitely calcu- 
lated. The goal of this paper is to compute some Lichnerowicz cohomology classes 
of the locally conformal symplectic manifold constructed by L.C.D. Andres, L.A. 
Cordero, M. Fernandez, and J.J. Mencia [1], herein nicknamed the "ACFM mani- 
folds". 

A locally conformal symplectic form on a smooth manifold of dimension 
at least 4, is a non-degenerate 2-form fi such that there exists a closed 1-form uo 
satisfying: 

dfl = —u A £1 (2) 

The closed 1-form u> above is uniquely determined by and is called the Lee form 
of f2 [9] . The uniqueness of the Lee form is a consequence of the following elemetary 
fact [5] 

Lemma 0. If a 2-form has rank at least 4 at every point, and a is any 1-form, 
then a A 6 = implies that a is identically zero. 

If O is a locally conformal symplectic form with Lee form u, then equation (2) 
says that d^Q = 0. Hence represents an element [Tl] e H%(M). 

All the examples known to the author so far were locally ( non global) conformal 
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symplectic forms with trivial Lichnerowicz class [f2] [5], [6], [8], [13]. 

We exhibit here examples of locally (non global) conformal symplectic forms 
with non trivial Lichnerowicz classes. 

2. The ACFM manifold [1] and statement of the results 

Let Gfc be the group of matrices of the form: 

/e kz x\ 



where x, y, z G R and k € R is such that e k + e~ k e Z — {2}. The group Gu is a 
connected solvable Lie group with coefficients: x(A) — x, y(A) = y , z(A) = z and 
a basis of right invariant 1-forms: 



There exists a discrete subgroup Tk C Gk such that Nk = Gkj^k is compact [2]. 
The basis (3) descends to a basis of 1-forms: 



The forms 7 and aA/3 are closed and their cohomology classes [7], [aA/3] generate 
H X (M,M) and H 2 (M,R) respectively. 

Let A e M be a number such that \[a A /3] € H 2 (M, %). 

Definition. 

For any non zero n G Z, t/ie ACFM manifolds Mk, n are the total spaces of 
principal S 1 bundles over Nk with Chern class n\[a A [3]. 




dx — kxdz, dy + kydz, dz 



(3) 



on N k . 
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For simplicity, we will denote the pull back to Mk, n (by the projection Mk, n — > 
A^fe) of a form 9 on Nk , again by 9. 

If ?7 is a connection form on Mk, n with curvature n\(a A (3), then: 

dr/ = nA(aA/3). (4) 

The set 

{a, 13, 7, ??} (5) 
form a basis of 1-forms on the 4-dimcnsional manifold Mk : n- 
Our main results are contained in theorems 1,2,3 below: 
Theorem 1. 

(i) For each real numbers (ti,t 2 ,ts) , with t\.t 2 ^ and t\t 2 ^ nk\t\ the 3- 
parameter family of 2 -forms 

°(ti,t2,t 3 ) = *i(a A »7) + t 2 {(3 A 7) + t 3 {n\{a A (3) - fc 7 A rj) 

are locally conformal symplectic forms, with the same Lee form u — — kj, and their 
Lichnerowicz classes [Q(t 1 ,t2.t 3 )] £ H^(M n ^) are non-trivial. 

(ii) For each real numbers (si,s 2 ,s 3 ) , with s\.s 2 ^ and sis 2 ^ n\ks\, the 
3-parameter family of 2 -forms 

fysi^.ss) = A 77) + s 2 (a A 7) + s 3 (n\(a A /?) + fc 7 A 77) 

are locally conformal symplectic forms, with the same Lee form uj' — kj, and their 
Lichnerowicz classes [O^ S2 e H^_^(M n ^) are non-trivial. 

Remark 1 
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The local conformal symplectic forms above are not global conformal symplectic 

since their Lee form is not exact [5]. Besides, M n ^ can not carry a symplectic form 

since H 2 (M nik ,R) = [1]. 

Remark 2 

The 2-forms 

il = n\(a A (3) - k-f A rj = d^{rf) 
VL' = n\(a A /?) + k-f A i] = d u > (rj) 

are exact locally conformal symplectic forms. They are obviously non-degenerate 
and d w O = {d u ) 2 ri = 0. Same thing with Q! . Since the forms in theorem 1 are not 
exact, we have the following 

Corollary 1. 

The locally conformal symplectic form f2 , resp £1' is not equivalent to Q(t 1 .t 2 ,t 3 ), 
resp. fi( Sl ,s2,s 3 )) i- e - there are no diffeomorphisms (j) of M n ^ and smooth function 
f such that 4>*tt = f£l( tl ,t 2 M) ( similarly for il' and tt( Sl , S2 , S3 )), 

Corollary 2. 

No Lie group can act transitively on M n ^ preserving ^(t-i,t 2 ,t 3 ) or Q( Sl ,s 2 ,s 3 )- 
Theorem 2. 

If (ti,t 2 ,t 3 ) e R 3 satisfy t 2 = e u and t\.e ut ^ nk\st\ for all t,s <E [0, 1], there 
exists a family of diffeomorphisms 4> t with <p — id and 

^(fi(t 1 ,t 2l ts)) = /t((*i(«A»j)+/3A7). 
We have a similar statement for Q( Sl ,s 2 ,s 3 )- 
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Question 1 

Consider the open subset PcK 3 denned by U = {(ti,t 2 ,t 3 )\tit 2 ^ nk\t%}. The 
hypothesis in theorem 2 means that the point p = (ti,t 2 ,t 3 ) £ R 3 and the point 
q = (ti, 1, 0) belong to the same path component of U. 

If p, q S U belong to two different path components, arc Q( p ) and f2( 9 ) still 
equivalent? 

Here we can not use Moser's theorem, because we do not have a path of locally 
conformal symplectic forms. The path degenerates when we go from one component 
of U to another. 

For instance , take t\ = nX/k, t 2 = 1, then t 3 must be different from — 1/k and 
+l/k. All the locall conformal symplectic forms Cl( n \/k,i,t 3 ) are equivalent for t 3 in 
the interval [(—1/k) + e, (1/fc) — e], and e a small positive number. 

Are the forms Q( n A/k,i,o) and ^(nA/fe,i,(fe+i)/fe) equivalent? 

Remark 3 

The locally conformal symplectic form ft = (n\/k)(a A rj) + [3 A 7 was found in 
[1] where the authors showed that it is a locally conformal Kaehlcr form, with non 
parallel Lee form, with respect to the metric g = a 2 + /3 2 + j 2 + rj 2 . 

In [10], it is proved that if a compact manifold M has a riemannian metric with 
respect to which a nowhere zero closed 1-form lo is parallel, then H*(M) = 0. This 
result and theorem 1 imply a stronger result: 

Corollary 3. 

There is no riemanian metric on M n ^ with respect to which ±k-f is parallel. 
Vaisman and Goldberg [15] have found sufficient conditions for the Lee form of 



EXAMPLES OF NON d^-EXACT LOCALLY CONFORMAL SYMPLECTIC FORMS 7 
a compact locally Kaehker manifold to be parallel: 
Theorem 

Let M, J, g) be a compact locally Kaehler manifold with Lee form uj a nowhere 
vanishing form. If the Ricci tensor of (M, g) is positive semi-definite and vanishes 
only in the direction of B, where B is the vector field defined by i(B)Q — lo, and fi 
is the locally conformal Kaehler form, then lo is parallel. 

Question 2 

Let fi be the locally conformal Kaehler form in the Goldman- Vaisman theorem 
above, then H*(M) = 0. In particular Q is d^-exact. 

Is Goldberg- Vaisman theorem above still true for locally conformal symplectic 
manifolds? 

This would give a sufficient condition for the vanishing of the Lichnerowicz co- 
homology and in particular the d w -exactness of the locally conformal symplectic 
form. 

Theorem 3. 

The forms a, a A i] and a A 7 A i] represent non zero elements in H^(M n ^), 
i = 1,2,3. 

The forms (3, /3 A ij, [3 A -f A n represent non zero elements in H^_ u ^(M n ^), 
i = 1,2,3. 

The classes [^(t 1 ,t 2 ,t 3 )] in theorem 1 coincide withti{aArj\. Similarly, [fi( Sl , S2 , S3 )] = 
si[pAri\. 

Question 3 

Theorem 3 says that the dimension of HI _ , (M n ^), for i = 1,2,3 is at least 1. 
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Is it exactly one ? 

Remarks on the group of automorphisms and the Lie algebra of infin- 
itesimal automorphisms 

Two locally conformal symplcctic forms and Q' are said to be equivalent if 
there exists a no- where zero function / such that O' = ffl. 

A locally conformal symplectic structure S is an equivalence class of locally con- 
formal symplectic forms. Let St, respectively S s be the locally conformal symplectic 
structures on M n ^ represented by the forms Cl(ti,t 2 ,t 3 ) respectively ^(si, S2 , S3 ), and 
let G(S t ), G(S S ) be the corresponding automorphism groups, i.e. the group of all 
diffeomorphisms <j> of M n ^ such that 4'*(^(t 1 ,t 2 ,t 3 )) — /^(ti,t 2 ,t 3 ) f° r somc no-where 
zero function / (same definition for Q( Sl ,s 2 ,s 3 ))- 

Let C{S t {M n ^)) and C(S s (M n ^)) be the Lie algebra of infinitesimal automor- 
phisms of the locally conformal symplectic structures S t and S s . This is the Lie 
algebra of vector fields X on M n ^ such that LxQ(t 1 ,t 2 .t 3 ) — /^(ti,t 2 ,t 3 )i respec- 
tively LxQ( Sl ,s 2 ,s 3 ) = /^(si.s 2 ,s 3 ),for some function /, where Lx stands for the Lie 
derivative in the direction X. 

Let M be a compact manifold equipped with a locally conformal symplectic form 
fi, with Lee form u> and such that [f2] is a non trivial element of H%(M) , then the 
groups of automorphisms of the corresponding locally conformal symplectic struc- 
ture, and the corresponding Lie algebra, behave very much like in the symplectic 
case [8] . For instance there is a Calabi invariant on the identity component of the 
group with values in a quotient of H^(M) and its kernel is a simple group [8], 
exactly like in the symplectic case [3]. At the level of the Lie algebras, the mapping 
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X i ► i(X)Q is a surjective Lie algebra homomorphism into H^(M) whose kernel 
is the commutator subagebra [8]. The fact that i(X)Q is closed comes from the 
following fact: 

Corollary 4. 

For every vector field X £ C(St(M n ^)) , then 



An immediate consequence of corollary 4 is the following fact: for any infinites- 
imal automorphism X £ C(S t (M n ^)) or in J 6 C(S s (M n ^)) ■ 



3. Proofs of the results 

The proofs rest on the Hodge-de Rham theory for the d^ operator and lemma 1 
below. 

The Hodge-de Rham theory for the d^ operator [7] 

Let M, g) be a compact oriented n-dimensional riemannian manifold and lo a 
1-form on M. Let * be the Hodge-de Rham star operator defined by g and S the 



codifferential: 5(6) = (* o d o *)8 for 6 £ A l (M), and let U w be the 

operator: U u {6) = (-l) n '+"(*(w A *<?)) for 6 £ k l {M). 

We let 



For X £ C(S s (M n , k )) , then 
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Consider the the inner product < , . > on A' (M) : 

< p, v >= / p A *v. 

JM 

One has that < d u p,v >=< p,S^u >. Since M is compact and (A*(M),d 0J ) is 
elliptic, we get the following result, proved in [7]: 

Theorem. 

We have the orthogonal decomposition: 

A'(M) - (Hl(M)) © (d u (A l -\M))) © (<L(A i+1 (M))) 

where 

nl(M) = {6e A'Ke = s^e = 0} 

is the space of u -harmonic forms. 
Fianally, we have: 

hUm)khI(m). 

On the manifold M„ ; fc, we will put the riemannian metric g which makes the 
forms a, [3, 7, t] orthonormal, i.e. g = a 2 + /3 2 + -f 2 + rj 2 . We will consider the closed 
1-forms cj = —k^j and (— u>) respectively. 

Lemma 1. 

If a,{3,^,n is the basis (5) of 1-forms on M^ Il7 we have: 

da = —ka A 7 (6) 
dp = k/3 A 7 (7) 



Proof. 
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Let {X, Y, Z, T} be the basis of global vector fields on Mfc t „ dual to the basis of 
1-form (5). A general 2-form on M^^ n is uniquely written as : 

= A(a A 0) + B(a A 7) + C(a A rf) + D((3 A 7) + E{(3 A rf) + F( 7 A rj), 
where 

A = 6(X,Y), B = 0(X,Z), 

C = 6(X,T), D = 9(Y,Z), 

E = 0(Y, T), F = 8(Z,T). 

If p denotes any of the basic 1-forms a,f3,^,r] and any pair of the vector 
fields {A", Y, Z, T} dual to the basis of 1-forms above, then: 

(d P )(W) = -M[«'D + MO-r.K0 = -p([M]) (8) 

since p(£),p(£') are 1 or 0, and hence their directional derivatives are zero. 
We have the following facts [1]: 

[X, Z] = kX 

[X, Y] = -nXT 

[Y, Z] = -kY 

[X,T] = [Y,T} = [Z,T] = 

Applying the above facts to — da, and using the commutation relations above, 
we see that the only non zero coefficient is B = —k. Hence 

da = —ka A 7 
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A similar inspection for d/3 yields 

dp = k(3 A 7 

□ 

Proposition 1. 

1. Let lo = —k"f, then a, a An, a A 7 A 7/ are u> -harmonic. 
The form [3 A 7 is d^-exact. In fact, d LU ((l/2k)[3) = [3 A 7. 

2. Let lo' = k-f, then (3, (3 An, (3 A 7 A 77 are lo' -harmonic. 

The form a A 7 is d^i-exact. In fact, ((— l/2fc)a) = a A 7. 

Proof. 

By lemma 1, o!a = — ka A 7 = — w A a. Hence d u a = 0. Using (4), we get: 
d(aAn) = — ka A 7 A 77 — a A (nXa A/3) = — fca A 7 A 77 = — w A (a A 77). Therefore 
d w (a A 77) = 0. 

d(a A 7 A 77) = -fca A7A7A77-aA7A (nAa A /?) = and lo A (a A 7 A 77) = 0. 
Hence d LU (a A 7 A 77) = 0. 

We just have proved that the forms listed in (1) are d^ closed. Let us now show 
that da, of these forms are zero: 

Up to a sign, *a — [3 A 7 A 77, hence d*a = kf3A'-fAjAn + f3A-fA (nXa A (3) =0. 
Hence 5(a) = 0. On the other hands, to A*a = — kj A /3 A-f An = 0, i.e. U^(a) = 0, 
and hence 5 u a = 0. 

Up to a sign, *(a An) = (3 A 7, so d * (a A 7) = k(3 A 7 A 7 = 0. This Shows that 
5(a A 77) = 0. 

We have that (a A 77) = —k-fA[3Aj — 0. Hence W w = 0, and thus 5^ (a A 77) = 0. 
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Up to a sign, *(a A 7 A 77) = (i. Hence *d * (a A 7 A 77) = *(k(3 A 7) = ka A 77. 
Hence <5(a A 7 A 77) = (— l) 17 fca: A 77 = — ka A 77. 

On the other hands U u {a A 7 A 77) = + * ((—fry) A *(a A 7 A 77)) = *(— fry A (3) = 
*{k(3 A 7) = ka A 77. Hence <L(a A 7 A 77) = 0. 

Finaly, = fc/3 A 7 + (-fry) A (3 = 2k(/3 A 7). Therefore /3 A 7 = d u ((l/2k)0). 

This proves (1). Similar calculations using u' — +fry yields (2). □ 

End of the proof of theorem 1 

Observe first that 

nXa A/3 — k~/Ar/ = dr] + LLiAri = d u r) 

(uj = —fry). Therefore: 

tyti,t 2 ,ts) = A r?) + d u {{t 2 /2k)(3 + t 3V ) (9) 

Since d w (a A 77) = and (cL) 2 = 0, it follows that £l(t lt t2,t 3 ) is ^-closed. 
Similarly, 

n («i,a a ,as) — s i(/5 A 77) + d LU ,((-s 2 /2k)a + 5377). (10) 

hence ^( S i,s 2 ,s 3 ) is cL'-closed ( with ui' — fry). 

The Lichnerowicz cohomology classes of these forms [Q(t 1 ,t 2 .t 3 )] are ti[aArj] and 
[^(si,s 2 ,s 3 )] — s i[/9 A 77], which are non-trivial, since a A 77 and /3 A 77 are non-zero 
harmonic forms by proposition 2. By the Hodge-de Rham theory, they represent 
non trivial elements of H^(M n ^), respectively H^_^(M n ^). 

The forms in (i) and (ii) are non-degenerate. Indeed an immediate calculation 
gives: 

(fi( tl ,t2,t 3 )) 2 = 2(tii 2 - nk\t\){a A /? A7 A 77) ^ iff *it 2 - "fcAtf. 7^ 
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(f2( Sl , S2jS3 )) 2 = -2(sis 2 - nk\sl){a A/3A7Ary)^0iff s 1 s 2 - nfcAs§ ^ 0. This 



Proof of theorem 3 

Proposition 1 shows that the forms considered in theorem 3 are ui or u' har- 
monic. Hence they represent non-zero elements in the corresponding Lichnerowicz 



Proof of theorem 2 

We will use the locally conformal symplectic forms version of Moser theorem [11] 
proved in [5]: 

Theorem. 

Let fi t be a smooth family of locally conformal symplectic forms on a compact 
manifold M. Suppose that for all t, the Lee form of fit is the same 1-form u> and 
fit — flo is d u exact, then there exists a smooth family of diffeomorphisms (f> t , with 
4> = id and a smooth family of functions ft such that (p^ivt = ft^o 

Let (h,t 2 ,t 3 ) e R 3 such that t 2 = e u and t x .e ut ^ nk\st 3 for all t, s S [0,1], 
then 



= ti(aAv) + e ut (f3A 1 + e- ut st 3 d LU r 1 ) = t 1 aAr,+d OJ (e ut ({l/2k)l3) + e- ut S t 3 r 1 )) 



is a smooth 2-parameter family of locally conformal symplectic forms, all with the 
same cohomology class ti[a A 77], with the same Lee form u) = — kj. 

By Moser theorem for locally conformal symplectic forms, for fixed s, there 
exists a smooth family of diffeomorphisms tp depending smoothly on the parameter 



s, such that ip° = id and W>*)* n (£5,) = / (M) ^(S 3 ), for some functions /(*•»>, 



completes the proof of theorem 1. 



□ 



cohomologies. 



□ 
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depending smoothly on s and t. 

Apply again Moser theorem to the family fl s = f2^ s ] s. There is a family of 
diffeomorphisms ip' s such that (ip' s )*)Sl s — ,g s O = g s ((t\a A -q) + [3 A 7). 

The required family of diffcopmrphism is ip* o ip' s : it pulls ^[^*] 3 ) back to a 
multiple by a function of Q^ ^ = ti(a A r] + (3 A 7. □ 

Proof of corollary 3 

Since fi(ti, t 2 ,t 3 ) resp. fi( ai)S2)S3 ) are non global and not w-exact, rsp. w'-exact, 
proposition 2.4 of [13] implies that M Uy k, equipped with the forms above, is not a 
homogeneous locally conformal symplectic manifold. □ 

Proof of corollary 4 

We need to recall the generalized Lee homomorphism [13], [6]. 
Let be a 2-form of rank everywhere larger or equal to 4, such that there exists 
a closed 1-form 77 satisfying 

dO = —rj A G 

on a smooth manifold M. We know that r\ is uniquely determined by 9 ( lemma 
0). 

Let £(0, M) denote the Lie algebra of vector fields X on M such that Lx& = 

For X G £(0, M), set 9 = i(X)Q, where i(.) is the interior product operator. 
We have 

L x O = HxQ = di(X)Q + i(X)dO 

= d6 + i(X)(—rj A 0) 

= d6 - rj(X)0 + r, Ai{X)Q 
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= d9 + i] A 9 - ?](X)0 = d v e - r](X)@ 



Hence: 



d n 9 = l(X)G 



(11) 



where 



l(X)= f i x + V (X). 



(12) 



Proposition 2. 

If the manifold M is connected, then the function 1{X) is a constant for all 
X G C(Q,M), and the map I : £(Q,M) — > K, X l(X), is a Lie algebra homo- 
morphism 

A simple proof that l(X) is constant goes as follows: 
= {d n ) 2 9 = d v (l(X)Q) = d(l(X)Q) + rj A {l(X)Q) 
= d(l{X)) A 9 + l(X)(-r] A 6) + f] A {l(X)Q) 
= d(l(X)) A 

By lemma 0, d(l(X)) = 0. Therefore 1{X) is a constant, since M is connected. 

This homomorphism was constructed by Vaisman [13] in the case where 9 is a 
locally conformal symplectic form. 

As an immediate consequence of proposition 2 we get the following proposition, 
which belongs to the folklore: 

Proposition 3. 

A locally conformal symplectic form Q with Lee form lo on a connected manifold 
is d^-exact iff there exists an infinitesimal automorphism X such that l(X) ^ 0. 
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For the convenience of the reader, we include a proof. 

Proof. 

If X is an infinitesimal automorphism such that l(X) ^ 0, set : 9 = (l/l(X))i(X)Q, 
then (11) yields : Q = d u 9. 

Converseky, if Q = d u 9 for some 1-form 9. Define a vector field X by the equation 
i(X)Q = 9. An easy calculation shows that Lx^i = (1 —u)(X))Q. This proves that 
X is an infinitesimal automorphism: Lx& = with [ix = 1 — lo{X), that is 

l(X) = l. 

□ 

The proof of corollary 2 is an immediate consequence of theorem 1. The Lee 
homomorphism corresponding to our locally conformal symplectic forms is trivial. 
Hence if a vector field X is such that Lx^l(t 1 ,t 2 ,t 3 ) — f^(u,t2,t 3 ), then (12) yields : 

/ = -w{x). a 

4. Some foliations and Poisson structures on M n ^ 

The manifold M n ^ carries several remarkable foliations: 

The codimension 1 foliations T\, J- 2, ^3, defined by the integrable forms 7, a 
and p. 

The five 2-dimensional foliations JT 4; ... J" 8 , tangent to the involutive distributions 

{X, Y}, {Y, Z}, {X, T}, {Y, T}, {Z, T) 

For instance the tangent space to the leaves of the foliation T\ defined by 7 = 0, 
is spanned by X,Y,T, The restriction of the locally conformal symplectic form 
ft = a A 77 + (3 A7 is the 2-form a At], whose kernel is spanned by Y. The quotient of 
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each leaf by the trajectories of Y is spanned by X, T, which define the 2-dimensional 
foliation T 7 . The 2-form a A rj is a symplectic form on each leaf. We thus eee that 
Ti is a symplectic foliation. 

The restriction of rj to the leaves of the foliation T\ is a contact form since 
77 A 77 = nXa A [3 A i). This is why we have the locally conformal symplectic forms 
il and £1' in remark 2. 

On each leaf of the 2 dimensional foliations there are is an obvious symplectic 
forms. Hence they are all symplectic foliations. 

According to Vaisman [14], a symplectic foliation gives raise to a Poisson struc- 
ture. The bracket of two functions is the so-called Dirac bracket: let J 7 be a 
symplectic foliation on a manifold M, the Dirac bracket {/, g} of two functions /, g 
on M is {f,g}(x) = (Qf){x)(X^ f ^, X( S|f ))(o;), where Qp is the symplectic form 
on the leaf F through x and (Xy ) is the sympectic gradient of the restriction f\F 
of / to the leaf F, with respect to the symplectic form Up. 

This way, we get 5 Poisson structures on M n ±- 

Question 4 

Are there any compatibility relations among these Poisson structures that can 
be deducted from the commutation relations of the vector fields {A", Y, Z, T}? 

Remark 4 

Since 7 is a closed 1-form without zero, a theorem of Tischler[12] asserts that 
M n ^k is fibered over S 1 . 
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